We consider compound multiple-antenna broadcast channels with M transmit antennas and K single-antenna receivers, where the channel of receiver r takes one of Jr complex vectors. We show that for any finite Jr, the degrees of freedom (DoF) of MK M +K−1 is achievable. It is in contrary to the commonly believed conjecture that the DoF collapses to one for large Jr's. We also establish the optimality of this result, where Jr ≥ M , r = 1, . . . , K. The achievable scheme relies on using a number theoretic approach of interference alignment, and ignoring the possibility of cooperation among the transmit antennas.
I. INTRODUCTION
We consider a complex compound broadcast channel with M transmit antennas and K receivers, each equipped with a single antenna. The channel of receiver r takes one of the J r vectors, where J r is finite. This channel can be modeled as ] † ∈ C M . We assume that the channel state of each receiver is perfectly known at the receiver, but not at the transmitter. However, the transmitter is aware of the set of all possible channel realizations.
An important measure to approximate the capacity of a wireless channel is known as degrees of freedom (DoF). The DoF of a channel shows how the capacity of the channel scales with log 2 P , for large transmit power P . Formally, the DoF of a complex wireless channel is given by
where C sum is the sum-capacity of the channel. In fact, DoF gives a first-order approximation of the sum-capacity as C sum = d log 2 (P ) + o(P ). We note that when a stream of data is transmitted to one receiver, it causes interference over the other receivers. The problem of characterizing the DoF of a channel is essentially equivalent to developing the most efficient way of interference management. For MIMO broadcast channels, the most familiar approach for interference management is known as zeroforcing. In this approach, the base station uses a channelinversion precoder to force the cross-interference components to be zero and guarantee interference-free receivers. This technique achieves the optimal DoF of min{K, M }, if J r = 1 for r = 1, . . . , K [1] . In [2] , it is shown that if the zeroforcing precoder is expanded to space/time dimensions, it achieves the optimal DoF of some compound MIMO broadcast channels (1) . More precisely, it is shown that the space/time zero-forcing approach achieves the DoF of 1 + M−1 M for K = 2, J 1 = 1, and J 2 = M , and achieves the DoF of 2M M+1 for K = 2 and J 1 = J 2 = M [2] . Moreover, it is shown that when K = 2, J 1 = J 2 = J ≥ M , this scheme yields the DoF of 2J 2J−M+1 . However, in terms of converse, it is proven that the DoF of the later channel is upper-bounded by 2M M+1 . Then, it has been conjectured that the gap between inner and outer bounds is duo to the looseness of the outer-bound, and the achievable scheme is optimal. In other words, it has been believed that as J increases, the optimal DoF converges to one. In another effort, in [3] , it is shown that in ergodic MIMO broadcast channels, with M = 2 and K = 2, where the channel state information is not known at the transmitter, the DoF is upper-bounded by 4 3 . This is the same as the outerbound of [2] for the corresponding compound channel.
In the context of X channels [4] - [6] and interference channels [7] , the concept of Interference Alignment is the key idea to achieve the optimal DoF. In this technique, the interference arriving from different transmitters are aligned at the receiver, such that the minimum number of signaling dimensions is wasted. In [8] , this idea is used to show that in time-varying interference channels with K users, the DoF of the system is K 2 . In addition, in [6] , it is proven that the DoF of a time-varying X network with M transmitters and K receivers is MK M+K−1 . However, if the channel is singleantenna and not time-varying or frequency-selective, then the vector approach used in [6] , [8] falls short and does not achieve the DoF. In fact, since the channel is fixed across the time, then the channel parameters do not provide enough freedom to simultaneously satisfy all the conditions required for the vector-based interference alignment.
In [9] the idea of interference alignment is extended from space/time/frequency dimensions to signal level dimensions. In [10] , [11] , it is shown that the theory of Diophantine approximation can be used for interference alignment to achieve the DoF of a certain class of time-invariant interference channels. Finally, in [12] , [13] , it is shown that the DoF of K-user time-invariant interference channels is indeed K 2 for almost all K-user interference channels. The achievable scheme is established based on a recent version of Khintchine-Groshev theorem. The result of [13] reveals that the field of real numbers is rich enough to transform a static interference channel to a pseudo multiple-antenna system and mimic the vector-based approaches of interference alignment. This result breaks the barrier of achieving the optimal DoF of the static channels, in which the vector-based approaches fail.
II. MAIN CONTRIBUTIONS
Theorem 1 In the compound broadcast channel (1), the DoF of MK M+K−1 is achievable, almost surely.
To derive this result, we simply divide the message of each receiver into M sub-messages and then each transmitter sends one of the sub-messages. The transmission is such that the corresponding receiver can decode all of these sub-messages. However, the contribution of these sub-messages at other receivers are aligned. The important point is that the interference alignment is guaranteed for any channel realization.
In the proposed method, there is no cooperation among the transmitter antennas. In other words, the output of the transmit antennas are independent. We note that this result is in contrast with the conjecture of [2] that the DoF of the channel converges to one if the number of states becomes large. Indeed, we show that the gap between the inner-bound and outer-bound in [2] is due to the inefficiency of the achievable scheme, and not because of looseness of the outer-bound. However, in this problem, similar to the time-invariant K-user interference channel, vector-based approaches like zero-forcing fail to achieve the optimal DoF. This theorem states that the achievable scheme of Theorem 1 is optimal when the number of states for each receiver exceeds the number of transmit antennas. Regarding the achievable scheme, the important message of this theorem is that when the uncertainty of the base station about the channel is considerable, we lose the gain of cooperation at the transmitter, but still we gain from the possibility of interference alignment.
Theorem 3 In the compound broadcast channel
We note that in this case, the base station has no uncertainty about the channels of receivers 1 to M − 1. Here, we will show that the system benefits from both transmit cooperation and interference alignment. In the achievable scheme, we use a zero-forcing precoder such that receivers 1 to M −1 observe no interference. However, receiver M experiences interference from all the messages, sent to the other receivers. At receiver M , we use interface alignment to open up space for the message of this receiver. The interesting observation here is that the zero-forcing pre-coders do not need to be full rank. This observation allows us to integrate zero-forcing scheme with the number theoretic interference alignment.
Corollary 1
In the compound X channel with M transmitters and K receivers and finite channel realizations, the DoF of the channel is MK M+K−1 , almost surely.
The achievability follows from Theorem 1. For the converse, we can use the result of [6] . Similar result can be proven for compound interference channels.
Remark-Joint processing of the real and imaginary components is necessary:
Consider a compound complex X channel with M transmitters and K receivers. Therefore, from Corollary 1, the DoF of this channel is equal to MK M+K−1 . Now let us transform the channel to a real one with 2M transmitters and 2K receivers. If we ignore the possibility of cooperation between real and imaginary parts of each transmitter/receiver, then we will have a real X channel with 2M transmitters and 2K receivers. Therefore, the real DoF of the resulting channel is upperbounded by 4MK 2M+2K−1 . This means that the complex DoF of the resulting channel is upper-bounded by
This means that ignoring the possibility of cooperation among the real and imaginary components of each transmitter/receiver results in a strictly sub-optimal scheme. In addition, in the transformed channel, some of the channel coefficients are identical, which violates the basic assumption of [13] . In Section III, we extend the scheme of [13] to complex channels.
We have initially reported the material of this paper in [14] . We realized that Theorems 1 and 2 have been independently reported in [15] for real channels, following similar ideas. For complex channels, the scheme of [15] is based on transforming the channel into a real one, which is strictly sub-optimal.
III. COMMUNICATION OVER RATIONAL FIELDS
In conventional signaling schemes for multiple-antenna systems, employing linearly independent modulation vectors enables the transmitters to multiplex different data streams in a shared spectrum. In [13] , it is shown that scalars can play the role of the modulation vectors. We call this scalars modulation pseudo-vectors. In the scheme of [13] , the input constellations are from integer numbers, and then each stream is modulated with a modulation pseudo-vector. Roughly speaking, as long as the modulation pseudo-vectors are rationally independent, each stream can be decoded, such that the rate of each data stream is not saturated in high SNR regimes. The technique, used in [13] , is for real channels, which is inefficient for complex channels. Here, we borrow a result from Number Theory to extend this result to complex channels.
For any vector ν ∈ C ξ−1 , the multiplicative Diophantine exponent ω(ν) is defined as sup η such that
Theorem 4 Consider the mapping ψ = (ψ 1 , ψ 2 , . . . , ψ ξ−1 ) from an open subset Ω ⊂ C d to C ξ−1 . If 1, ψ 1 , . . . , ψ ξ−1 are linearly independent in R, then ω(ψ(χ)) is equal to ξ−2 2 for almost all χ ∈ Ω [16] .
It follows from Theorem 4 that for η = ξ−2 2 + , > 0, for almost all χ ∈ Ω, and (q 1 , . . . , q ξ−1 , p) ∈ Z ξ , we have,
(3)
We first explain the main idea for a multi-access channel with ξ inputs. In particular, we show that each input achieves a DoF, arbitrary close to 1 ξ , using the new approach of signaling. Assume that a linear combination of ξ data streams plus noise is received, where data stream i is weighted with a gain ν i , for i = 1, . . . , ξ, i.e., y = ξ i=1 ν i x i + z, and ν ξ = 1, ν i = ψ i (χ) for an χ ∈ Ω, i = 1, . . . , ξ − 1. Moreover, z denotes Gaussian complex noise with z ∼ CN (0, 1). Let us use the following constellation for each input, {λu|u ∈ Z, −Q < u < Q}, where
and γ 1 is a constant and is an arbitrary small constant. We note that the rate of the constellation is at least log 2 2Q − 1 ∼ = 1− ξ+2 log 2 (P ) + log(2γ 1 ). This means that the rate of the constellation at each transmitter is about 1 ξ log 2 (P ). By assuming that each transmitter uses a random-encoding with uniform marginal distribution over the input constellation, it is easy to see that E[x 2 i ] ≤ γ 2 λ 2 Q 2 , for a constant γ 2 . Let us assume that the power constraint for each input is γ 3 P where γ 3 can be a function of ξ. To satisfy the power constraint, we choose λ as λ = γ 4 P ξ−2+4 2(ξ+2 ) , where γ 4 is a function of ξ, , and γ i , i = 1, . . . , 3. Then the received symbol y is a noisy version of a point from the following constellation,
From Theorem 4, it is easy to see that the minimum distance of the constellation C is
almost surely, for a constant γ 5 . We have the following observations: (i) Since the minimum distance of the constellation is not zero almost surely, then there is a one-to-one mapping between the points of the constellation C and vectors (u 1 , . . . , u ξ ). (ii) Since the minimum distance of the received constellation grows with P 2 , then we can show that P e , the probability of incorrectly detecting a point of the constellation from y, goes to zero, exponentially fast as P grows. Then, using Fano's inequality, we can easily show that each transmitter can achieve the rate of log 2 2Q ∼ = 1−2 ξ+2 log 2 (P ) + log(2γ). This means that each stream achieves the complex DoF of 1−2 ξ+2 .
IV. ACHIEVABLE SCHEME FOR THEOREM 1
For the sake of simplicity, we elaborate the scheme for the case where the base station has two transmit antennas (M = 2), there are two users K = 2, and J 1 = J 2 = J. For general cases and also the converse for Theorem 2, refer to [14] .
Assume that the base station has message W 1 for receiver one and W 2 for receiver two. In this approach, W 1 is divided into two independent parts W 11 and W 12 , i.e., W 1 = (W 11 , W 12 ). W 11 will be sent through antenna one and W 12 will be sent through antenna two. Similarly, let W 2 = (W 21 , W 22 ), where W 2t will be sent through antenna t, t = 1, 2. The transmission scheme is such that the contributions of W 11 and W 12 are almost aligned at receiver two. Note that W 11 and W 12 are not required at the second receiver. Similarly, the contributions of W 21 and W 22 are aligned at the first receiver. Therefore, receiver one observes the contributions of W 11 , W 12 , and aligned contributions of W 21 and W 22 . Each part takes 1 3 of the DoF at receiver one. Therefore, the desired messages W 11 and W 12 take 2 3 of the DoF, while 1 3 of the resource is occupied and wasted by the aligned contributions of W 21 and W 22 . Similarly, at receiver two, the messages W 21 and W 22 take 2 3 of the DoF, while ) have to be aligned, but it does not matter which sub-streams from the first and second sets are aligned. This property gives us the flexibility to align the interference terms for all channel realizations.
We use the technique of Section III to multiplex the data streams and also satisfy alignment conditions. The submessage W (l) rt , sent by antenna t, intended for receiver r, is encoded into the sequence (u rt . Then, we have,
The normalizing constant λ is chosen such that the power constraint is satisfied.
Here, we explain how to choose modulation pseudo-vectors. Let us define the set B r , for r = 1, 2, as follows:
where n is a constant integer. As it will be shown later, as we choose n larger, we achieve the DoF closer to 4 3 . One can see that |B r | = n 2J . We use B r as the set of the modulation pseudo-vectors, for data sub-stream intended for receiver r, i.e. ν Note that the first two summations in the RHS of the above equations convey information for receiver one, while the next two summations are just interference. We note that h This means that interference sub-streams are received at receiver one with coefficients which are different from the coefficients of the desired sub-streams. Now let us focus on the coefficients of interference sub-streams at receiver one. It is easy to see that |h where κ = n 2J−2 (n + 1) 2 , andν
In addition,ū (l) 1,ŝ [m] ∈ (−2Q, 2Q) ∩ Z. Therefore, we have a noisy version of the integer combination of κ + 2L complex numbers. It is important to note that these numbers are monomial functions of the channel coefficients, where these functions are linearly independent. Note that the fraction of 2L κ+2L of the terms in (7) are desired sub-streams, where for large n, we have 2L κ+2L 2 3 . For the second receiver, we have the same situation. We choose ξ = κ + 2L, and Q as in (4), and λ as in (??). Sinceū (l) 1,ŝ [m] ∈ (−2Q, 2Q) ∩ Z, then there is an extra constant "2" that can be easily merged into the constant γ 1 . Then, by normalizing the received signals to one of the modulation pseudo-vectors, all the required conditions explained in Section III are satisfied. Therefore, we can easily see that any DoF, arbitrary close to 4 3 , is achievable.
V. COMBINATION OF TRANSMIT COOPERATION AND INTERFERENCE ALIGNMENT
In this section, we focus on the achievable scheme for Theorem 3, where K = M , J r = 1, for r = 1, . . . , M − 1, and J M ≥ M . Apparently, by using the scheme of Section IV, the DoF of M 2 2M−1 is achievable. However, here the base station knows the perfect channel state information for receivers 1 to M − 1. This knowledge allows us to improve the achievable DoF by exploiting the possibility of cooperation among the transmit antennas. In this section, we propose a signaling scheme which is based on a combination of both zero-forcing and interference alignment. The proposed scheme achieves the DoF of M −1+ 1 M . More precisely, receiver r, 1 ≤ r ≤ M −1, achieves the DoF of one, while the last receiver achieves the DoF of 1 M . We develop a special form of zero-forcing precoder, such that receivers 1 to M − 1 do not experience any interference. In contrary, receiver M observes interference from the data sent to all other receivers. However, we use interference alignment to reduce the destructive effect of the interference and guarantee the DoF of 1 M for receiver M . The outline of the alignment scheme is as follows. Let W r be the message for receiver r. Here, message W r , for r = 1, . . . , M − 1, is divided into M independent messages, as W r = (W r1 , . . . , W rM ). In the proposed scheme, the contributions of W r1 , . . . , W rM at receiver M are aligned and occupy 1 M of the available DoF. Therefore in total, (M − 1) 1 M of the available DoF at receiver M is occupied by interference, and the rest is used to receive the favorite message W M . For receiver r, the base station uses the zero-forcing precoding matrix V [r] 
M ] ∈ R M×M . The columns of V [r] are selected randomly from the subspace, which is orthogonal to Span{hr,r = 1, . . . , M − 1,r = r}. Therefore v [r] i ⊥hr, for r =r. It is interesting to note that the orthogonal space is two dimensional, and therefore the columns of V [r] are not linearly independent. It is in contrary to the conventional schemes, where the precoding matrices are usually fullrank. For receiver M , we choose the zero-forcing precoding vector v [M] ∈ R M×1 , orthogonal to Span[h 1 , . . . , h M−1 ]. These precoding matrices guarantee interference-free signals for receivers 1 to M − 1. 
Here we explain how to choose the modulation pseudo-vectors
